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Single and multi-photon ionization of aligned molecular ensembles is examined, with a particular
focus on the link between the molecular axis distribution and observable in various angle-integrated
and angle-resolved measurements. To maintain generality the problem is treated geometrically, with
the aligned ensemble cast in terms of axis distribution moments, and the response of observables
in terms of couplings to these moments. Within this formalism the angular momentum coupling is
treated analytically, allowing for general characteristics - independent of the details of the ionization
dynamics of a specific molecule - to be determined. Limiting cases are explored in order to provide
a phenomenology which should be readily applicable to a range of experimental measurements, and
illustrate how observables can be sensitive to fine details of the alignment, i.e. higher-order moments
of the axis distribution, which are often neglected in experimental studies. We hope that this detailed
and comprehensive treatment will bridge the gap between existing theoretical and experimental
works, and provide both quantitative physical insights and a useful general phenomenology for
researchers working with aligned molecular ensembles.
I. INTRODUCTION
Over the last decade techniques for molecular align-
ment have become increasingly advanced, and increas-
ingly popular. Perhaps the most common, and ex-
perimentally accessible, technique is non-adiabatic (or
impulsive) alignment, achieved via the interaction of
a short, intense laser pulse with a rotationally cold,
gas phase sample [1–5]. In the case of an IR driving
field, multiple cascaded Raman transitions occur during
the pulse, populating many rotational levels, thereby
creating a broad rotational wavepacket in the system.
After the pulse, the wavepacket propagates under field-
free conditions, and undergoes revivals at characteristic
times, determined by the rotational constants of the mo-
lecule. The utility of this type of alignment - as com-
pared to adiabatic alignment techniques - is that further
experiments may be carried out in the vicinity of the
revivals, thus providing field-free conditions for these
measurements, albeit on a highly rotationally excited
system.
Recent examples of the application of this tech-
nique span a wide gamut of measurements, including
weak and strong-field photoelectron angular distribu-
tions for probing dynamics [6–8] or “approaching the
molecular frame” [9–13], high-harmonic measurements
[14–19], angle-resolved ATI [20, 21], coulomb explosion
[13, 22, 23] and X-ray diffraction [24] to mention just
a few examples. In most cases the application of align-
ment is at the qualitative level, where the alignment is
optimized based on a proxy for the degree of alignment
(e.g. ionization yield at a revival feature of the rota-
tional wavepacket [21, 25]), and the experimental goal
is to maximize the alignment effect, or observe some
phenomena which would otherwise be obscured by ori-
entational averaging - for instance imaging torsional mo-
tions [26]. In other cases, the aim is a more quantitative
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study of the rotational wavepacket behaviour [25, 27], or
detailed understanding of molecular frame phenomena
which can be directly observed if the degree of alignment
is high [24], or may be “extracted” from measurements
in the lab frame in certain cases provided the alignment
is well-characterized and the coupling to the observable
well-understood [17, 28–30].
In terms of a qualitative approach, the degree of
alignment is often considered solely in terms of 〈cos2 θ〉
(the expectation value of cos2 θ), where θ is the angle
between the molecular axis and lab frame z-axis [4], and
this metric is treated as completely defining the axis
distribution in the lab frame. For a fuller treatment of
the molecular axis distribution, higher-order moments
of the distribution (e.g. 〈cosn θ〉) must be taken into ac-
count. For example, photoelectron angular distributions
(PADs) are known to be sensitive to higher-order align-
ment moments [28, 31]. This response of higher-order
observables to higher-order alignment moments has long
been implicit in work on photoionization, and was first
discussed explicitly in the context of recent work on ro-
tational wavepackets by Seideman [32] and Underwood
& Reid [28]. Some of the implications of this coupling
have been investigated extensively in theory work from
Seideman & co-workers [27, 30, 31, 33], the most recent
of which discusses the possibility of mapping alignment
via measurement of photoelectron angular distributions
as well as the use of other probe techniques.
Regardless of the aims of a given study, but of particu-
lar importance in experiments seeking molecular frame
properties, is the detailed understanding of the probe
process, and the response of the observable to the de-
gree of alignment. At a basic level this is required to
formulate metrics to optimise the degree of alignment
and interpret results in terms of the underlying prop-
erties of interest. In the lowest-order approach, the
optimum alignment corresponds to maximizing 〈cos2 θ〉
and, practically, such optimization typically takes the
form of maximising the contrast observed between the
alignment and anti-alignment features of a revival of the
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2rotational wavepacket. However, depending on the ob-
servable, the contrast may be poor or negligible, even in
the presence of a highly aligned distribution, negating
the use of such signals as a measure of alignment [34]. In
these cases a more detailed treatment of the alignment
may be necessary for even a qualitative interpretation
of experimental results.
At a more detailed level one might hope to fully
characterize the aligned distribution, allowing for more
quantitative analysis of experimental data. This is a
non-trivial task but, despite the complications, such de-
tailed analysis has been attempted in a few cases, for
example refs. [8, 13–15, 20, 25, 29] all illustrate de-
tailed analyses of the prepared alignment and various
molecular properties. In tandem with the experimental
efforts, various ab initio studies have also presented res-
ults for specific molecules and types of measurements
(see, for example, refs. [27, 35–38]). It is interesting to
note that in many cases (e.g. single photon ionization,
fluorescence) the fundamentals have long been known,
but have only been applied in older studies where static
alignments, or narrow rotational wavepackets, were pre-
pared. [39]
In this work we also investigate the response of ob-
servables in photoionization experiments to aligned dis-
tributions, and approach the problem quite generally
from a geometric perspective. A geometric approach al-
lows for the separation of the molecular axis distribution
from other, molecule specific, properties [28, 40, 41]. We
thus aim to provide a useful and general applied phe-
nomenology which can provide qualitative and quantit-
ative insights into the ionization of aligned distributions.
This treatment begins with the formalism of Underwood
& Reid [28] (which was further discussed and extended
in Stolow & Underwood [41]), from this we derive and
discuss explicit forms for typical experimental measure-
ments. We further extend the formalism to N -photon
ionization, in order to discuss the link between single
and multi-photon ionization processes, including both
angle-integrated and angle-resolved observables. Typic-
ally, single and multi-order processes are treated inde-
pendently by the “weak” and “strong” field communities
despite the similarities of the underlying physical pro-
cesses, so such a treatment may be useful in bridging this
divide in some cases.[42] Using the formalism presented
we explore the general form of different experimental
measurements - specifically angle-integrated ionization
yields as a function of pump-probe polarization geo-
metry, polarization-angle resolved measurements, and
angle-resolved photoelectron measurements - and, by
incorporating rotational wavepacket calculations for an
example system under typical experimental conditions,
investigate limiting cases, providing an aid to experi-
mentalists working to prepare and optimise aligned dis-
tributions.
Although some aspects of this work are extant in the
literature and known by practitioners in either the align-
ment community or the photoionization community,
not to mention other fields which make use of strong-
field alignment (as noted above), the complexity of the
wavepacket and observables have resulted in very few
works which cross-over between these fields and cover
all aspects from wavepacket to observable. Notable ex-
ceptions are experiments from Suzuki and co-workers
[7, 8, 43], and theory from Underwood & Reid [28],
and Seideman and co-workers [27, 30, 32, 44]. In a fol-
lowing paper [45] we apply our formalism to ionization
of aligned butadiene and compare theory with experi-
mental results; hence, we aim here to provide comple-
mentary insights and more direct comparison to exper-
iment than existing studies, as well as a unified and
generalised geometric treatment of the relevant theory.
Most generally, we aim to bridge the gap between theor-
etical understanding of the physics, notably the angular
momentum coupling between the axis distribution and
the observables, and experiments where one must treat
specific cases, usually with many unknowns, in partic-
ular the precise, molecule-specific details of the probe
process.
II. THEORY
The necessary theory for a full treatment of molecu-
lar alignment and ionization is discussed here, with a
focus on quantification of the relevant parameters. We
begin by treating the aligned distribution geometrically
for the most general case (full 3D axis alignment), and
the simpler cases of 2D or 1D distributions which are
applicable to symmetric top & linear molecules, and
experimental configurations with cylindrical symmetry.
We then consider parametrization of alignment in detail,
and the coupling of these alignment metrics into ioniz-
ation measurements, for single and multi-photon ioniz-
ation processes, including frame rotations and the re-
sponse of the observables in typical experimental meas-
urements. Throughout example calculations are used to
illustrate the equations, and investigate limiting cases,
which are further discussed in sect. III.
A. Axis distribution moments
We begin with a description of the spatial distribu-
tion of molecular axes. Most generally, the distribution
should be described by an expansion in 3D functions,
specifically the Wigner rotation matrices [41]:
P (Ω, t) =
∑
K,Q,S
AKQ,S(t)D
K
Q,S(Ω) (1)
where Ω = {Φ,Θ, χ} are the Euler angles describing
the position of the molecular axis relative to a refer-
ence frame, DKQ,S(Ω) are Wigner rotation matrices and
AKQ,S(t) are expansion parameters which are generally
termed the axis distribution moments (ADMs) and,
for dynamical systems, may be time-dependent. The
quantum numbers K, Q, S denote the rank/moment of
3the distribution, and projections onto the space and
body-fixed axes respectively.
The general form of the distribution can be simpli-
fied for the case of linear and symmetric top molecules,
for which S = 0 only, and the Wigner matrices can be
replaced with an expansion in 2D functions:
P (θ, φ, t) =
∑
K,Q
AK,Q(t)YK,Q(θ, φ) (2)
where YK,Q(θ, φ) are spherical harmonics. (Through-
out this manuscript we use upper-case Θ, Φ for Euler
angles, and lower-case θ, φ for spherical polar coordin-
ates although, in many cases, the angles are referenced
to the same axis, hence are identical.)
In the case of a cylindrically symmetric distribution,
for which Q = 0, a further simplification to use 1D
functions can be made:
P (θ, t) =
∑
K
AK(t)PK(cos(θ)) (3)
where PK(cos(θ)) are Legendre polynomials in cos(θ),
and normalization factors relative to the spherical har-
monic expansion above are subsumed into the AK .
In practice, the laboratory frame of reference (LF) po-
lar axis (z) is chosen to be defined by the laser polariza-
tion axis for linearly polarized light, or the propagation
axis for elliptically (or pure circularly) polarized light,
of the (pump) laser pulse used to prepare the aligned
sample. In the former case the axis distribution is con-
strained to be cylindrically symmetric, and in both cases
there is reflection symmetry along the polar (z) axis, so
K = 0, 2, 4, 6....Kmax (odd K can only appear in the
case of an oriented distribution).
In the remainder of this work we restrict our discus-
sion to the case of linearly polarized laser pulses for
simplicity, although the formalism given here can be
applied to any arbitrary polarization state. For linearly
polarized light the axis distributions are defined by the
cylindrically symmetric P (θ, t), as given by eqn. 3, al-
though the symmetry may be broken in the case of a
frame rotation between pump and probe pulses (see be-
low), which can lead to a φ dependence of the axis dis-
tribution in the probe reference frame. To allow for this,
we use the spherical harmonic expansion given by eqn.
2 as the more general definition throughout this work,
even when discussing cylindrically symmetric distribu-
tions (Q = 0, no φ dependence), but omit the φ label in
cylindrically symmetric cases.
Examples of cylindrically symmetric axis distribu-
tions with increasing Kmax are shown in figure 1(a) -
(c), and the effect of a frame rotation between pump
and probe polarization axes for linearly polarized pulses
is shown in figure 1(d).
The effect of a frame rotation from pump to probe
frames, as illustrated in figure 1(d), can be expressed in
terms of the original and final ADMs and the rotation
Θ
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(a) (b) (d)(c)
Figure 1: Example axis distributions P (θ, φ) for
distributions with (a) A2,0 = 1, (b)
A2,0 = 1, A4,0 = 0.4 and (c)
A2,0 = 1, A4,0 = 0.4, A6,0 = 0.3. (d) shows the
distribution in (a) after a frame rotation of Θ between
the pump (alignment) pulse and the probe (ionization)
pulse, with polarization vectors E′ and E respectively;
the polarization geometry of the measurement is thus
defined by Θ. The spherical polar coordinate system
(θ, φ) and the Euler angles Ω = {Φ,Θ, χ} are also
shown in (a) and (d) respectively.
matrix element which transforms between the frames
according to the set of Euler angles Ω:
A′K,Q′(t; Ω) =
∑
K
∑
Q
DKQ′,Q(Ω)AK,Q(t) (4)
=
∑
K
DKQ′,0(Ω)AK,0(t) (5)
where the second line includes the assumption that
Q = 0, i.e. the initial distribution is cylindrically sym-
metric. Even in the case of such a distribution, the
probe frame may contain terms with Q′ 6= 0. Figure 2
shows the application of a frame rotation by Θ on the
ADMs illustrated in figure 1(b) (A2,0 = 1, A4,0 = 0.5).
Such rotations are important for consideration of the
mapping of rotational wavepackets, and the understand-
ing of angle-resolved measurements, since they appear
through the dependence of the observable on the polar-
ization geometry of the measurement.
B. Rotational wavepackets
In order to calculate the axis distributions defined
geometrically above, for a specific molecular system,
knowledge of the rotational wavefunction is required.
In alignment experiments as discussed above, a rota-
tional wavepacket ψ(t) is prepared via interaction with
an intense IR pump laser pulse, and then evolves under
field-free conditions.
The axis distribution is determined by the projection
of this wavefunction onto the Euler angles Ωˆ, and integ-
rated over the unobserved angles. For the cylindrically
symmetric case (i.e. φ and χ are summed over) this is
given by [46]:
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Figure 2: Behaviour of axis distribution moments
A′K,Q′ under frame rotation of Θ for a distribution
with A2,0 = 1, A4,0 = 0.5 in the initial, unrotated
frame (Θ = 0). Note that curves for ±Q′ are sign
invariant for even Q′.
P (θ, t) =
2pi¨
0
|〈Ωˆ|ψ(t)〉|2dΦdχ (6)
The rotational wavefunction can be expanded in the
symmetric-top basis:
|ψ(t)〉 =
∑
J
cJ(t)|JKM〉 (7)
where J, K and M are the usual symmetric-top
quantum numbers, denoting rotational angular mo-
mentum J and projections K andM onto the molecular
and laboratory frame z-axes respectively; t is the time,
where t = 0 (henceforth denoted t0) is defined by the
peak of the pump laser pulse and the end of the laser
pulse by tf ; the cJ(t) are the expansion coefficients.
Because the |JKM〉 state populations do not change
after the interaction with the laser pulse, all field-free
temporal evolution of the axis distribution (t > tf ) is
contained in the phase of the cJs, and is given by:
cJ(t) = cJ(tf )e
2piEJ′ t (8)
The calculation of P (θ, t) therefore depends on the
calculation of the cJ(t), which requires knowledge of
the rotational energy levels EJ and the cJ(tf ). This
final aspect, determined by the light-matter interaction
during the pump laser pulse (t < tf ), must be treated
numerically and is discussed in appendix A.
P
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Figure 3: Calculated P (θ, t) for butadiene in the
vicinity of the half-revival of the rotational
wavepacket, results are shown as (a) Cartesian plot
and (b) Polar plot.
In this work we use butadiene as a specific example,
and base calculations of P (θ, t) on “typical” experi-
mental conditions (peak intensity (I) = 5 TWcm−2,
pulse length (τ) = 400 fs, rotational temperature (Tr)
= 2 K), chosen to correspond to recent experimental
work on butadiene (which will be discussed in a later
publication [45]). In the calculations we assume a sym-
metric top molecule, the relevant rotational constants
and polarizabilities for butadiene are given in appendix
A. The calculated P (θ, t) in this case is shown in figure
3, in both Cartesian and polar forms [47]. Full dis-
cussion of the results, and the coupling of P (θ, t) into
the observables defined in the remainder of this section,
can be found in section III; here we note simply that
the distribution exhibits a high degree of spatial aniso-
tropy, with population heavily weighted to the poles,
indicating high-order AK,Q terms are present (c.f. the
low-order distributions shown in figure 1), and evolves
rapidly along the temporal coordinate.
5C. Alignment metrics
As discussed above, the degree of alignment is of-
ten quantified and reported in the literature in terms of
〈cos2(θ, t)〉, the expectation value of cos2(θ) at time t.
This metric of the axis alignment is defined by [46, 48]:
〈cos2(θ, t)〉 =
∑
J,K,M,J′
〈ψ(t)| cos2(θ)|ψ(t)〉 (9)
=
∑
J,K,M,J′
c∗J′(t)cJ(t)〈J ′KM | cos2(θ)|JKM〉
where the matrix element can be calculated analytically.
The expectation value can also be written in terms of
the axis distribution. For the 1D case this is given by:
〈cos2(θ, t)〉 =
2piˆ
0
cos2(θ)P (θ, t)dθ (10)
Thus 〈cos2(θ, t)〉 can be obtained directly from the
wavefunction, or extracted from the full axis distribu-
tion by projection onto cos2(θ). This is just another way
of obtaining a second-order moment of the axis distri-
bution, expressed in a cosine basis. By use of eqns. 1 -
3, selected according to the dimensionality of the prob-
lem, the moments obtained in this fashion can also be
directly related to the ADMs for any order expectation
value cosn(θ). Continuing with the 1D case (eqn. 3),
this yields:
〈cosn(θ, t)〉 =
∑
K
AK(t)
2piˆ
0
cosn(θ)PK(cos(θ))dθ (11)
The 〈cosn(θ)〉 are therefore a linear combination of
the ADMs, weighted by the overlap integral for each
K. From these considerations, it is clear that the use of
〈cos2(θ, t)〉 as a metric for characterizing an aligned dis-
tribution depends on the exact characteristics of P (θ, t).
Distributions with significant high-order AK,Q may not
be well-described by 〈cos2(θ, t)〉 alone. Similarly, the
nature of the probe process will dictate whether higher-
order terms are coupled into the observable, providing a
second criterion for the necessity of higher-order terms.
Although this point has been discussed before in the lit-
erature (e.g. ref. [31]), it appears to be the case that
most work on aligned distributions considers only the
second-order (cos2(θ, t)) moment, so demonstration of
the effects of higher-order moments remains a signific-
ant motivation in this work. For non-cylindrically sym-
metric cases, expectation values of cos2 for other angles
are also used to quantify the full 3D alignment [48, 49],
and recently a single metric for 3D alignment based on
this has been proposed [50]; naturally these metrics will
similarly be of best utility for probe process insensitive
to higher-order moments of the distribution.
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Figure 4: Alignment metrics (a) 〈cos2(θ, t)〉 and (b)
A2,0(t) corresponding to the P (θ, t) distribution shown
in figure 3.
Continuing the concrete example of a wavepacket cal-
culation for butadiene (treated as a symmetric top), as
sketched above and illustrated in figure 3, the corres-
ponding alignment metrics 〈cos2(θ, t)〉 and A2,0(t) are
shown in figure 4. Here 〈cos2(θ, t)〉 was calculated dir-
ectly from the rotational wavefunction, as defined in
eqn. 9, while A2,0(t) was found by fitting the calcu-
lated P (θ, t) to an expansion in spherical harmonics, as
defined in eqn. 2. In this case the temporal response of
the two metrics is identical, and they can be regarded
as providing effectively equivalent information on the
second-order moment of the axis distribution. Full dis-
cussion of these results are again deferred to section III.
D. Ionization model
Here we consider the resulting photoelectron signal
from ionization of an aligned distribution for a variety
of cases. We begin with a full treatment of 1-photon
ionization, then generalize to the case of N -photon ion-
ization, and finally discuss ionization via a resonant in-
termediate state. All these cases are typical of contem-
porary experiments on aligned systems although, to the
best of our knowledge, only the former has been treated
in detail in the literature with regard to ionization of
aligned ensembles. The treatment presented here also
includes frame rotations between the aligned frame and
the probe frame, allowing for treatment of polarization-
based methodologies such as angle-resolved ATI [21].
In all cases the aligned distribution is assumed to be
created via an intense IR pulse which prepares a broad
rotational wavepacket as described above. The result-
6ing distribution P (θ, t) is described in terms of ADMs,
i.e. as a geometric parameter, as detailed above. Ioniz-
ation is treated within the dipole approximation, hence
the ionization matrix elements have the general form
〈Ψ+; Ψe|µ.r|Ψi〉, and describe the dipole coupling of the
initial state Ψi to the final composite state, composed
of ion and photoelectron. By expanding the ionization
matrix elements in terms of angular and radial functions
most of the geometric coupling of the ionization matrix
elements can be described analytically, allowing for cer-
tain, molecule-independent, properties & phenomena to
be determined [40].
Treating the distribution geometrically is valid for the
ionization step providing that (a) rotations are separ-
able from the vibronic wavefunction, hence there is no
coupling between rotational dynamics and other mo-
lecular properties; (b) the energy-dependence of the
ionization matrix elements is negligible over the span
of rotational levels populated; (c) that the ionization
laser pulse can be treated as constant over the energy
span of the rotational wavepacket, allowing all initially
populated rotational states to be coupled into the ion-
ization. Under these approximations the angular mo-
mentum coupling can be solved analytically [41]. In
the case of ionization schemes involving more than a
single photon this stipulation should also hold provided
there are no dynamics in the intermediate state(s) on
the time-scale of rotational motion.[51] For direct N -
photon ionization via virtual states on the time-scale
of the laser pulse (typically <100 fs), this is expected
to be a valid approximation. For the case of ioniz-
ation via a resonant intermediate - a typical scheme
in pump-probe type experiments investigating excited
state molecular dynamics - this condition may be broken
depending on the time-scales involved. In such cases, an
explicit treatment of the rotational wavepacket on the
excited state would be required to fully account for the
evolution of P (θ, t) on the time-scale of the experiment,
but a sudden-type approximation without inclusion of
these additional dynamics may still provide a reason-
able starting point. Finally, we note that the treatment
given here assumes that the light-matter interaction is
perturbative, so does not allow for field intensity effects.
As such, it is not generally valid for strong-field ioniz-
ation but, geometrically, should still provide useful in-
sight to angle-resolved measurements at low computa-
tional cost.
1. 1-photon ionization
The 1-photon case has been extensively treated in the
literature [28, 30, 41, 44]. We recount here the salient
details, with a specific focus on the coupling of the ob-
servable to the AK,Q, then proceed to determine the
properties of specific types of measurement and extend
the formalism to the N -photon case.
The full photoelectron angular distribution can be
most generally expressed as a multipole expansion (ana-
logous to P (θ, φ, t) discussed above, c.f. eqn. 2):
I(θ, φ, t) =
∑
L,M
βL,M (t)YL,M (θ, φ) (12)
Here the polar coordinates reference the laboratory
frame (LF), as defined by the probe pulse (see figure
1(d)), in which the photoelectron flux as a function of
angle and time is measured.[52] The LF βL,M (t) can be
written in terms of the coherent square of the dipole
matrix elements: for the ionization of an aligned en-
semble, in the perturbative and dipole approximations,
and assuming that all time-dependence is contained in
the axis distribution, the βL,M (t) can be written as
[28, 41]:
βL,M (t) = (2L+ 1)
1/2
∑
P
(−1)P
(
1 1 P
p −p R
)
e−pe∗−p
x
∑
K
∑
Q
(2K + 1)1/2
(
P K L
Q−M −Q M
)
AK,−Q(t)
x
∑
q,q′
(−1)q′
(
1 1 P
q −q′ q′ − q
)(
P K L
q − q′ q′ − q 0
)
x
∑
l,l′
∑
λ,λ′
(−1)λ′(2l + 1)1/2(2l′ + 1)1/2
(
l l′ L
λ −λ′ M
)(
l l′ L
0 0 0
)
x (−i)l′−l
∑
Γ,Γ′
∑
µ,µ′
∑
h,h′
bΓµ∗hlλ b
Γ′µ′
h′l′λ′D
Γµ∗
hl (q)D
Γ′µ′
h′l′ (q
′) (13)
The first line of equation 13 describes the polarization
state of the ionizing radiation; the photon carries 1 unit
of angular momentum with projection p onto the lab
frame z-axis. For linearly polarized light aligned with
7the laboratory frame z-axis p = 0, hence from the 3-j
symbol P = 0, 2 and R = 0. The spherical tensor com-
ponents e−p describe the polarization and amplitude of
the ionizing radiation, for the case of linearly polarized
light along the z-axis e−p = e0 = ez and the term eze∗z
can be set to equal unity.
The second & third lines of equation 13 describe the
convolution of the molecular frame with the aligned axis
distribution, P (θ, t), expressed as ADMs. The light field
has molecular frame (MF) projection terms q. Terms in
q = 0 thus represent ionizing light polarized along the
MF axis, while q = ±1 terms represent light polarized
perpendicular to the MF axis. If the LF and MF are co-
incident then a single value of q = p is selected, while an
arbitrary rotation serves to mix terms in q as the LF po-
larization axis is projected onto different MF axes. This
mixing (and averaging), due to the ADMs, is described
by the coupling of P and K into the final multipole
moments L.
The remaining lines of equation 13 deal with the pho-
toelectron and “molecular” terms. Here (l, λ) repres-
ent the photoelectron partial wave components [40, 53],
with (orbital) angular momentum l, and MF projection
λ. The termsDΓµ∗hl (q) represent the symmetrized radial
components, with symmetrization coefficients bΓµhlλ (see
appendix B), of the (radial) dipole matrix elements for
each symmetry-allowed continuum Γ [41, 54, 55],
DΓµhl (q) = 〈Ψ+; ψΓµ, ehl |
∑
s
rsY1,q(rˆs)|Ψi〉 (14)
where ψΓµ, ehl are the partial wave components of the pho-
toelectron wavefunction Ψe and the summation is over
all electrons s. These matrix elements are complex, and
may also be written in the form DΓµhl = |DΓµhl |e−iη
Γµ
hl ,
where η is the total phase of the matrix element, of-
ten called the scattering phase. The radial matrix ele-
ments and phases are the only part of equation 13
which are not analytic functions and, in general, must
be determined numerically [56, 57] or from experiment
[58–60] for quantitative understanding of a given sys-
tem. Symmetry-based arguments can, however, provide
a means of determining which integrals are non-zero,
hence which (l, λ) can appear in Ψe. Such considera-
tions therefore allow for phenomenological, qualitative,
or possibly semi-quantitative, treatments of photoioniz-
ation for a given molecule, and are discussed in appendix
B.
The effect of the averaging over a distribution of mo-
lecular axis directions is to lose sensitivity in the PADs.
In particular, the observed anisotropy in the LFPAD
cannot be more than that arising from the coupling
of the probe photon to the aligned distribution of mo-
lecules, as can be seen from the 3-j term linking terms
P, K, L. This limits L to the range |P −K|...P +K in
integer steps. For instance, if the alignment is prepared
by a single pump photon then a cos2 θ axis distribu-
tion is created, and the only non-zero alignment para-
meters are A0,0 and A2,0. Because P = 0, 2 only, the
alignment in this case would restrict βL,M (t) to terms
with L = 0, 2, 4 (additionally, for cylindrically sym-
metric cases, M = −Q = 0). As the degree of align-
ment increases higher-order K terms are required to de-
scribe the axis distribution and the LF ensemble result
approaches the true MF [28]. Higher order terms in
equation 13 can be observed, hence more information is
present in the LFPAD and a greater sensitivity to any
property which affects the PADs, e.g. the evolution of
the axis distribution itself, intermediate state dynamics
in a pump-probe experiment, and so on, may be ob-
tained.
For an angle-integrated measurement (photoelectron
yield), integration over {θ, φ} leaves only the leading
term β0,0(t), and angular coherences between partial
waves are integrated out of the measurement. In this
case the terms remaining in 13 are significantly restric-
ted by the 3-j terms. Allowed terms have l = l′ and
P = K. For instance, for 1-photon ionization of a dis-
tribution with P = 0, 2, only AK,Q(t) with K = 0, 2
will be coupled to the ionization yield. Depending on
the magnitudes of the parallel and perpendicular ioniz-
ation matrix elements, this can result in the 1-photon
yield mapping the A2,0(t) somewhat directly [31].
To make the geometric convolution of the axis distri-
bution and molecular frame photoionization more expli-
cit, eqn. 13 can also be written in the form [28]:
βL,M (t) =
∑
K,Q
AK,−Q(t)aKLM (15)
where the aKLM contain all the other terms of eqn.
13. As per eqn. 13, the allowed values of M and Q
are coupled; for cylindrically symmetric geometries, i.e.
probe polarization parallel to the pump polarization,
Q = M = 0. In this case the photoelectron yield is
given by:
β0,0(t) =
∑
K=0,2
AK,0(t)aK00 (16)
= A0,0(t)a000 +A2,0(t)a200 (17)
Since the zero-order term A0,0(t) is just the total popu-
lation of the rotational states forming the wavepacket
(often normalized to unity), it is a constant in the
absence of any population dynamics, and any time-
dependence observed in the ionization yield is due to
the second-order term, as asserted above.
The effect of frame rotations on the βL,M (t) can also
be simply expressed using this form, and employing the
Wigner rotation matrix:
β′L,M ′(t; Ω) =
∑
K
∑
Q,Q′
DKQ′,Q(Ω)AK,−Q(t)aKLM(18)
=
∑
K
∑
Q′
A′K,−Q′(t)aKLM ′ (19)
8where the second form follows from the assumption that
Q = 0. Here Ω = {Φ,Θ, χ} is the set of Euler angles de-
scribing the frame rotation between the alignment field
and the probe field, and the properties in the rotated
frame are denoted by primes. The rotation mixes mul-
tipole components Q within a given rank K. Because of
the coupling between Q and M (the second 3-j term in
eqn. 13) different terms, M ′, are allowed in the rotated
frame. As discussed above, and illustrated in figures 1
& 2, such a frame rotation can break the symmetry of
an initially cylindrically symmetric distribution, hence
M ′ may be non-zero even if M = 0.
Applying again the stipulations above, the ionization
yield for a cylindrically symmetric distribution (Q =
0) under a rotation of Θ between the alignment and
ionization fields, is then given by:
β′0,0(t; Θ) =
∑
K=0,2
∑
Q′
DKQ′,0(0,Θ, 0)AK,0(t)aK00 (20)
=
∑
K=0,2
∑
Q′
dKQ′,0(Θ)AK,0(t)aK00 (21)
= A0,0(t)a000 + d
2
0,0(Θ)A2,0(t)a200
+2d22,0(Θ)A2,0(t)a200 (22)
= A0,0(t)a000 + (A
′
2,0(t) + 2A
′
2,2(t))a200(23)
where dKQ′,Q(Θ) is the reduced Wigner rotation matrix
element, and we have used the identities d00,0 = 1, d22,0 =
d2−2,0 [61]. This form makes explicit the fact that the
frame rotation mixes additional Q terms into β′0,0(t; Θ)
as compared to β0,0(t; Θ = 0) (eqn. 17, see also figure
2). Therefore, in general, a measurement of β′0,0(t; Θ 6=
0) will not map A2,0(t) as directly as β′0,0(t; Θ = 0).
A measurement of the photoelectron yield as a func-
tion of Θ will therefore have the general form (using
eqn. 3.93 from Zare [61]):
I(Θ; t) = β′0,0(Θ; t) = A0,0(t)a000 +
(
4pi
5
) 1
2
A2,0(t)a200Y
∗
2,0(Θ, 0) + 2
(
4pi
5
) 1
2
A2,0(t)a200Y
∗
2,2(Θ, 0) (24)
Experimentally, this corresponds to a measurement
of the photoionization yield as a function of polariza-
tion geometry (defined by Θ, as illustrated in fig. 1(d)).
Measurements of this form may be made for all Θ, yield-
ing the polarization-angle-resolved ionization yield as a
quasi-continuous function, or compared at selected Θ
to provide “transient anisotropy” measurements, for ex-
ample the standard formulation (which compares yields
at Θ = 0 and Θ = pi/2) has been explored with re-
spect to ionization [62]. Clearly, a polarization-resolved
measurement of this form may be expected to display
relatively complex angular structure, with up to 4 lobes
on the interval 0 ≤ Θ ≤ 2pi due to the summation of Y2,0
and Y2,2 terms, despite the fact that only the second-
order moment of the axis distribution is invoked. This
serves to illustrate how even an apparently simple exper-
imental measurement may respond in a more complex
fashion than anticipated to an aligned ensemble.
2. Multi-photon ionization
Formally, a direct multi-photon ionization process
constitutes a ladder of transitions through virtual states.
In terms of the decomposition of this ladder of trans-
itions into dipole matrix elements for each successive
photon absorption - a direct extension of the 1-photon
case discussed above - the complexity rapidly grows, and
may be further complicated by near-resonances with
real bound states. A full treatment of such cases for
atomic ionization has been given by Bebb & Gold [63],
including the derivation of an effective N -photon mat-
rix element to reduce the complexity of the problem.[64]
Here we take a similar approach and consider treat-
ing the ionization as an effective 1-photon transition in
which the photon angular momentum is large. The ion-
ization would then have a form essentially as eqn. 13,
but with the photon carrying N units of angular mo-
mentum. Such a treatment should allow for at least a
qualitative picture of the directionality of the ionization,
and in particular the polarization-angle-resolved ioniz-
ation yields I(Θ, t), with a clear link to the multipoles
involved in the molecular axis alignment & ionization
process.
The immediate result is that P can take many more
values than in the 1-photon case. For a cylindrically
symmetric distribution eqn. 20 becomes:
β′0,0(t; Θ) =
∑
K=0...2N
∑
Q′
DKQ′,0(0,Θ, 0)AK,0(t)aK00
(25)
Hence higher-order ADMs may be coupled to the ob-
served signal, according to the value of N . In practice
one would expect, therefore, to observe more structure
in the alignment trace (temporal signal) β′0,0(t; Θ) for
a given Θ, due to the coupling of larger K into the
signal. Similarly, more angular structure may be ob-
served in the angle-resolved yield I(Θ, t) and the PADs,
I(θ, t; Θ), recorded for a given polarization geometry.
Because lmax, the maximum photoelectron angular mo-
mentum, will also grow with N , it is likely that high-
order ADMs are always coupled to such high-order pro-
cesses, regardless of the exact details of the photoioniz-
ation matrix elements.
9Physically, one can understand the higher-order angu-
lar momenta as signifying a more directional ionization
event. For example, in the limit of tunnel ionization,
the outgoing electron is confined to a narrow angular
spread by the shape of the tunnel, and one can envisage
a jet of electron flux centred on the laser polarization
axis.[65] In the framework of angular momentum theory,
this is exactly equivalent to a process with high angu-
lar momentum. This is the same concept as discussed
in section IIA, where it was seen that contributions
from larger angular momenta K give rise to a sharper,
or more directionally localised, axis distribution. Ulti-
mately, the angular-dependence of any observable, ex-
pressed in terms of an expansion in angular functions,
can contain very high-order terms for processes which
are highly directional.
3. Ionization via resonant intermediate states
The N -photon case discussed above assumed that
all intermediate states were virtual and, consequently,
did not provide any restrictions on the ionization. A
distinctly different case arises when there is a single,
or multiple, resonant intermediate state(s), because
bound-bound transitions carry strict selection rules. In
the context of this discussion we are concerned with
the directionality, or polarization, of the bound-bound
transition, as determined by the electronic dipole selec-
tion rules. Here we discuss the simplest case of a single
bound-bound transition at the 1-photon level prior to
ionization - a 1+N resonantly enhanced multiphoton
ionization (REMPI) process. The geometric formalism
presented could readily be extended to more complex
processes.
In the case of a 1-photon bound-bound transition the
initially prepared P (θ, t) will be raised by an additional
power of cos2(θ) for a parallel transition, or sin2(θ) for a
perpendicular transition, where the transition direction
is defined by the symmetry of the bound states involved
and the dipole operator. This can be considered purely
geometrically, and the transition amplitudes are not re-
quired to model this process assuming only a single
transition is allowed (or multiple transitions are resolved
and can be considered independently). Strictly, such
a transition will change the composition of the rota-
tional wavepacket; however, under the assumption that
there are no dynamics on the excited state (ionization
is effectively instantaneous/rapid following excitation as
compared to rotations as discussed above) - hence no
rotational wavepacket propagation need be taken into
account - then a geometric treatment is valid. Further-
more, the 1-photon absorption contains coupling terms
which change J by 0,±1, so will only minimally affect
the envelope of a broad wavepacket.
In a purely geometric treatment, the axis distribution
following a parallel transition is given by:
P ′‖(θ, t) = cos
2(θ)P (θ, t) (26)
and for the perpendicular case by:
P ′⊥(θ, t) = sin
2(θ)P (θ, t) (27)
The eqns. above can be written more explicitly in
terms of the initial ADMs; for the parallel case we have:
P ′‖(θ, t) = cos
2(θ)
∑
K,Q
AK,Q(t)YK,Q(θ, φ) (28)
∝ 1
3
(Y2,0(θ, 0) + 1)
∑
K,Q
AK,Q(t)YK,Q(θ, φ)(29)
where the ∝ arises because some normalization factors
have been neglected. Similarly, for the perpendicular
case we have:
P ′⊥(θ, t) = sin
2(θ)
∑
K,Q
AK,Q(t)YK,Q(θ, φ) (30)
∝ Y2,2(θ, 0)
∑
K,Q
AK,Q(t)YK,Q(θ, φ) (31)
For cylindrically symmetric cases (Q = 0) and single
photon ionization (K = 0, 2) these eqns. simplify fur-
ther to:
P ′‖(θ, t) ∝ A0,0(t)(1 + Y2,0(θ, 0)) +A2,0(t)(Y2,0(θ, 0) + Y2,0(θ, 0)2) (32)
and
P ′⊥(θ, t) ∝ A0,0(t)Y2,2(θ, 0) +A2,0(t)Y2,0(θ, 0)Y2,2(θ, 0) (33)
where Y0,0(θ, 0) has been assumed to be normalized to unity.
Hence, eqn. 17 becomes:
β
‖
0,0(t) = A0,0(t)a000(1 + Y2,0(θ, 0)) +A2,0(t)a200(Y2,0(θ, 0) + Y2,0(θ, 0)
2) (34)
for the parallel case and, for the perpendicular case:
β⊥0,0(t) = A0,0(t)a000Y2,2(θ, 0) +A2,0(t)a200Y2,0(θ, 0)Y2,2(θ, 0) (35)
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As expected, in both cases higher-order angular mo-
ments appear in the observable, although only the
second-order moment of the originally prepared P (θ, t)
appears in the final equations. These equations show
explicitly how resonant multi-photon ionization pro-
cesses may respond to aligned ensembles in relatively
complex ways, due both to the additional photon an-
gular momentum coupled into the ionization and the
angle-dependence of the resonant step. As was the case
for frame rotations, such measurements respond to the
P (θ, t) but in a less-than-direct manner, and this re-
sponse is highly dependent on the nature of the probe
process.
III. APPLICATION
Following from the theory outlined above, we ex-
plore the response of single and multi-photon ionization
to molecular alignment for angle-integrated and angle-
resolved measurements. We first consider the ADMs in
detail, and discuss general features which might be ex-
pected for any molecular ensemble. Time-resolved ion-
ization for a typical aligned ensemble, for various angle-
integrated and angle-resolved measurements, is then dis-
cussed. Specifically, we consider the limiting cases of
a 1-photon probe and 1+1’ REMPI scheme, both of
which are common experimental techniques, with re-
spect to both the axis distribution and the ionization
matrix elements. For the multi-photon case we invest-
igate the effect of N on the observables, as a function
of the axis distribution, for a specific ionization process.
These results should provide a general guide to experi-
mentalists working with aligned distributions, since the
order of the terms coupled into a given observable can
significantly affect the experimentally measured quant-
ities.
A. Axis distribution moments
1. General features
Calculation results for P (θ, t), in the region of the
half-revival of a rotational wavepacket calculated for
butadiene under typical experimental conditions, have
already been illustrated in figure 3. The axis distribu-
tions were mapped in both Cartesian and polar space,
and also expressed in terms of the associated second-
order alignment metrics, 〈cos2(θ, t)〉 and A2,0(t), in fig-
ure 4. As discussed above, and clear from the complex
angular structure visible in figure 3, a full description
of P (θ, t) requires higher-order moments of the axis dis-
tribution to be taken into account. Figure 5 illustrates
this point with the temporal evolution of all ADMs up to
K = 40 for this axis distribution. As already noted with
respect to the P (θ, t) distributions, in this case it is clear
that the degree of alignment is high, and many terms
in K are significant in the AK,Q(t) expansion around
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Figure 5: ADM expansion for calculated P (θ, t) as
shown in figure 3. For clarity each plot shows only five
AK,0(t) terms, and the expansion in K is only shown
up to K = 40.
the half-revival. Away from the peaks of the revival the
degree of alignment is still high, due to an effective DC
contribution to P (θ, t), although there are also high-
frequency temporal modulations, particularly visible at
the poles of the P (θ, t) distribution.
The AK,Q(t) which parametrise the full P (θ, t) distri-
bution also show complex behaviour, as expected from
the form of P (θ, t). Since we are concerned with the
coupling of the aligned distribution - parametrized as a
set of AK,Q(t) - into an observable, we discuss here the
evolution of the axis distribution in terms of the AK,Q(t)
rather than the underlying rotational wavepacket. We
also focus on the comparison of the higher-order terms
with K = 2, since this corresponds to the most often
11
used metric of alignment.
At the main peak of the alignment, t ∼ 59 ps, all of
the terms up to K ' 24 peak, reflecting the maximal
axis alignment obtained at the half-revival. The widths
of the features reveal a more complex temporal depend-
ence of different order terms, with a narrowing of the
revival peak at higher K. Immediately before and after
this feature, at around t ∼ 58 and t ∼ 60 ps respectively,
the traces show additional satellite features appearing at
higher K. The satellite features around the half-revival
have the effect of blurring out the anti-alignment fea-
tures, relative to K = 2, hence would potentially reduce
the observable contrast of the revival for an observable
sensitive to higher-order terms as compared to a low-
order observable. In general, it is clear that one would
expect observables which couple to different order terms
to exhibit different revival contrast and markedly differ-
ent temporal evolution. Finally, it is worth noting that
the frequency content of the distribution also scales with
K (this is a direct consequence of terms with high ∆J
preferentially coupling into higher-order moments of the
distribution). A high-order measurement away from the
revival peak may, therefore, be difficult to interpret in
terms of the expected (typically low-order) response and
the complex temporal response may even be dismissed
as experimental noise.[66]
As compared with 〈cos2(θ, t)〉, there is significantly
more temporal structure in the higher-order K terms
which is not coupled into 〈cos2(θ, t)〉. This is clear from
comparison of figure 4, which shows the direct corres-
pondence between 〈cos2(θ, t)〉 and A2,0(t). This follows
from the overlap integral of eqn. 11 which, for n = 2,
will be most significant for K = 2. Furthermore, the
first few terms in K have similar temporal response
to K = 2, and smaller magnitudes. The net result
is that any contributions to the 〈cos2(θ, t)〉 line-shape
from these ADMs will have only a minimal effect on the
overall temporal profile, and the 〈cos2(θ, t)〉 metric can
be considered as essentially equivalent to A2,0(t) in this
case, as stated earlier (sect. II C) without explanation.
It may be concluded that, in general, a highly-aligned
ensemble will contain high-order AK,Q(t) (effectively by
definition), regardless of the precise details of the mo-
lecule under study. An appreciation for the coupling
of this ensemble into the measurement is, therefore, es-
sential for an understanding of experimental results. In
particular, analysis of results based solely on 〈cos2(θ, t)〉
will generally not be sufficient for interpretation of ex-
perimental data, even at a phenomenological level, bey-
ond the simplest single-photon ionization yield probe
scheme.
2. Resonant transitions
In order to treat the case of 1+1’ REMPI, we consider
distributions P ′‖(θ, t) and P
′
⊥(θ, t) following parallel and
perpendicular bound-bound transitions respectively, ob-
tained via eqns. 26 & 27. These distributions are shown
P
(θ
,t)
P
(θ
,t)
P(θ,t) t/ps
P(θ,t) t/ps
(a) parallel
(b) perpendicular
Figure 6: P ′(θ, t) following (a) parallel and (b)
perpendicular bound-bound transitions. These
distributions are based on the initial distribution,
P (θ, t), as shown in figure 3.
in figure 6. The parallel transition enhances the align-
ment, with a slight sharpening of the distribution at
the poles (c.f. fig. 3), as might be intuitively expected
from the form of eqn. 26. However, the perpendicular
transition significantly changes the axis alignment. This
is also an intuitive result: essentially the perpendicu-
lar transition couples preferentially to axes aligned in
the (x, y) plane, thus addressing only population away
from the poles (z-axis) of the initial distribution. Con-
sequently the peaks in the distribution are shifted both
spatially (into the (x, y) plane) and temporally, with the
peak in the (x, y) plane of P ′⊥(θ, t) corresponding with
the anti-alignment feature in the initial P (θ, t). As a
consequence of the coupling, the high-order oscillations
in the (x, y) plane are, in effect, amplified.
Figure 7 illustrates these effects in terms of the ADMs
and shows the AK,Q(t), up to K = 10, for both cases.
In particular the effect of a parallel transition is to
raise the second-order moment (K = 2) of the distribu-
tion, while a perpendicular transition will decrease the
second-order moment. The temporal profiles are also
affected, with additional modulations appearing leading
12
−0.5
0
0.5
1
1.5
2
 
 
2
4
6
8
10
40 45 50 55 60 65 70 75 80
−1
−0.5
0
0.5
1
t/ps
 
 
2
4
6
8
10
A
K
,Q
A
K
,Q
(a) parallel
(b) perpendicular
Figure 7: AK,Q(t) following 1-photon excitation
(shown for K ≤ 10).
to significant temporal asymmetry in the K = 2 traces,
particularly in the case of a perpendicular transition.
Essentially the effect of the transition is to mix higher-
order terms into a given K; for example the A2,0(t)
trace for P ′‖(θ, t) has characteristics of both A2,0(t) and
A4,0(t) of the initial P (θ, t) - this can be seen by com-
parison of fig. 7 and fig. 5 (top panel). Because single
photon ionization is only sensitive to K = 0, 2 terms of
the aligned ensemble, as discussed above, the resonant
excitation step has the effect of allowing K = 4 terms
from the initial P (θ, t) to contribute to this observable
since these are now mixed into the A2,0(t) ADMs for
the excited state distribution P ′(θ, t).
Again, in general one can conclude from this discus-
sion that for more complex ionization processes higher-
order terms become necessary to understand and inter-
pret experimental results. In particular the perpendic-
ular case illustrates how a process with strong selection
rules (i.e. a highly directional response to the molecular
axis alignment) acts as a strong filter on the initially
prepared axis distribution. In the most general case of
multiphoton ionization, where multiple resonances may
be accessed sequentially or via different competing ion-
ization pathways, it is clear that a very complex P ′(θ, t)
may be created which has little obvious correspondence
to the initially prepared P (θ, t) and, without some ap-
preciation of the underlying probe process, the temporal
response of the observable may be inexplicable.
B. Angle-integrated observables
1. 1-photon ionization yields
We first consider some limiting cases in order to in-
vestigate the response of the time-resolved photoelec-
tron yield, β0,0(t), to P (θ, t). We consider the case
of (a) 1-photon ionization from the rotationally-excited
ground state, (b) 1-photon ionization following a paral-
lel (cos2(θ)) resonant excitation and (c) 1-photon ioniz-
ation following a perpendicular (sin2(θ)) resonant excit-
ation. The calculated P (θ, t) and the extracted AK,Q(t)
for these cases have already been shown in figures 3, 5,
6 and 7, and discussed above. In all cases we assume
that the probe (ionization) pulse polarization is parallel
to the pump (alignment) pulse polarization, i.e. Θ = 0.
For the excitation step the laser pulse polarization is
assumed to be either parallel or perpendicular to the
alignment pulse polarization, as appropriate for the ex-
citation, and its effect is treated geometrically (no tem-
poral evolution of the wavepacket in the excited state)
as discussed in sect. IID 3.
The dipole matrix elements in eqn. 13 typically rep-
resent unknown quantities. In order to explore limit-
ations on the ionization yield we consider the yield as
a function of the parallel vs. perpendicular ionization
cross-sections (σ‖ and σ⊥). Specifically, in the case of
butadiene - which is used here as an exemplar system -
ionization of the S2 excited state in C2h symmetry leads
to allowed continuum symmetries of Ag and Bg charac-
ter for parallel and perpendicular ionization events re-
spectively (see appendix B for details). The effect of
varying the ratio of the ionization matrix elements is
shown in figure 8. Here the matrix elements were set as
DΓµhl ≡
∑
q
DΓ|m|l(q) = rD
Ag
|m|l(0) + (1− r)D
Bg
|m|l(±1)
and all symmetry-allowed terms, up to lmax = 4,
were included and set to unity. The mat-
rix elements were further re-normalised such
that |∑l,|m| bAg|m|l|m|DAg|m|l(0)|2 = 1 and
|∑l,|m| bBg|m|l|m|DBg|m|l(±1)|2 = 1. Hence r = 1 cor-
responds to the Ag continuum only, and a purely
parallel ionization event in the molecular frame, while
r = 0 corresponds to the Bg continuum and a purely
perpendicular ionization. Interestingly, the same type
of calculation can also be used to extract the ratio
of the matrix elements from experimental data by
fitting of the matrix elements [30], although, due to
the structure of eqn. 13, and as emphasised in eqn.
17, the β0,0(t) are sensitive only to the amplitudes
of each l (although can contain cross-terms in λ), so
phase information between different l is not defined,
and cannot be obtained, from this observable alone.
These results - figure 8(a) - show quantitatively a
number of features which might intuitively be expec-
ted. The ionization yield is sensitive only to A2,0(t), as
shown in eqn. 17. For the purely parallel case (r = 1),
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the A2,0(t) is mapped faithfully (this is shown in de-
tail in figure 9(a)), while the purely perpendicular case
(r = 0) shows an inverted trace, essentially mapping
〈sin2(θ, t)〉. Additionally, the total yield is decreased in
the perpendicular case due to the geometry - P (θ, t) is
heavily peaked along the z-axis as shown in fig. 3, so the
axis distribution geometrically favours q = 0 transitions
which are parallel to the molecular axis, hence aligned
near to the LF z-axis. Between these limits, 0 < r < 1,
the ionization yield is less sensitive to the axis distri-
bution, and even shows regions of no sensitivity where
the balance of parallel and perpendicular components is
such that there is no observable modulation in the yield.
In other words, these are regions where there is no an-
gular dependence for a second-order observable due to
the equal magnitudes of parallel and perpendicular ion-
ization cross-sections. The import of this is that, for a
given molecule, it is possible that an observable sensit-
ive to only the lowest order ADM shows no alignment
dependence, despite the presence of an aligned distribu-
tion (c.f. measuring at magic angle in order to cancel
out cos2(θ) terms). Since this depends on a molecular
property - the details of the ionization matrix elements
- it is generally out of the control of the experimentalist,
and may not be anticipated a priori unless the molecule
under study is already well-characterized. Such a situ-
ation becomes less likely as higher-order moments are
coupled to the observable.
Ionization yields following 1-photon excitation, figure
8(b) & (c), show similar behaviour, with the main dif-
ference appearing due to changes in the temporal line-
shapes of P ′(θ, t) as discussed in section IIIA 2. The
parallel yield following a parallel excitation, i.e. ioniz-
ation of the distribution P ′‖(θ, t) with r = 1, is larger
for all t (relative to case (a)), and is not modulated
as strongly around the revival feature; conversely the
perpendicular yield is reduced relative to case (a). The
opposite is seen following a perpendicular excitation, i.e.
ionization of the distribution P ′⊥(θ, t) (case (c)), which
enhances the yield in the case of perpendicular ioniza-
tion, and reduces it for parallel ionization. In both cases
(b) & (c) this effect is due to the coupling ofK = 4 terms
from the initial axis distribution into the observable, as
discussed above (sect. IID 3), and consequently also
results in more complex temporal evolution of the sig-
nal, as would be expected from the form of the AK,Q(t)
(figure 5). Despite this additional term, there are still
values of r where the yield shows very little sensitivity to
the ADMs, although the width of this region of r-space
appears significantly reduced in the perpendicular case.
2. Multi-photon ionization yields
In the multiphoton case, as detailed in sect. IID 2,
the expectation is for higher-order AK,Q(t) terms to
become significant as the photon order of the process
increases. This behaviour is illustrated in figure 9 for
N = 1−3, and compared directly with the contributing
t/ps
r
r
r
(a)
(b)
(c)
Figure 8: Limiting cases for 1-photon ionization of an
aligned distribution. Calculations are based on (a)
calculated P (θ, t), (b) P ′‖(θ, t) for an excited state
populated via a parallel 1-photon transition and (c)
P ′⊥(θ, t) for an excited state populated via a
perpendicular 1-photon transition. Ionization matrix
elements are set such that r=0 corresponds to a purely
perpendicular ionization event, and r=1 a purely
parallel ionization.
AK,Q(t). In these calculations r = 1, hence the ion-
ization is purely parallel and, as for the 1-photon case
above, the probe and alignment pulse polarization are
parallel (Θ = 0). The line-outs show how the total ion-
ization yield drops as a function of N , and also how the
line-shapes change as couplings with larger K become
allowed. Comparison of β0,0(t) with AK,Q(t) clearly
shows that the line-shapes contain contributions from
AK,Q(t) up to Kmax = 2N (see also eqn. 25): there
is a narrowing of the features observed over the revival,
and an increased complexity and temporal asymmetry
to the line-shape as a function of N (equivalently as a
function of Kmax), as already observed in the ADMs
(sect. III A 1). The oscillations away from the revival
also increase, again as expected from the AK,Q(t) traces.
Naturally, the exact coupling will depend on both r (as
illustrated for the 1-photon case in the preceding sec-
tion) and Θ (see below), but these general features will
likely be apparent to some degree in an N -photon ob-
servable.
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Figure 9: β0,0(t; Θ) for N -order ionization processes.
(Left column) β0,0(t; Θ = 0) for N = 1− 3 and (right
column) AK,0(t) for Kmax = 2N .
C. Angle-resolved observables
1. Angle-resolved ionization yields
Angle-resolved measurements, based on the response
of the ionization yield to the probe polarization, are
given by β0,0(Θ, t) as defined in equation 25. This is
essentially the same observable as discussed above - the
total ionization yield, angle-integrated with respect to
the photoelectron - except that measurements are made
as a function of pump-probe polarization geometry, i.e.
the angle Θ, as illustrated in figure 1(d).
Figure 10 shows surface plots for of β0,0(t; Θ) for
N = 1 − 8 and Θ = 0, 0.45, 0.95 rad (0◦, 26◦, 54◦) re-
spectively (all other parameters were the same as those
used in sect. III B 2); the data is re-normalised for each
N to emphasize the changes in the line-shapes independ-
ently of the total yield. For ease of comparison, panel
(a) shows the same results as figure 9 for N = 1 − 3,
and the narrowing of the features with N , as discussed
above, is again very clear. In cases (b) and (c) very
different surfaces are observed, as expected from eqn.
25. The line-shapes are more complex, and this is par-
ticularly apparent in the splitting of the main feature
observed for N > 3 in fig. 10(b). As would also be
expected, the 54◦ case shows reduced contrast as the
aligned distribution is now rotated by close to pi/4 from
the probe pulse, hence the probe now maps a combin-
ation of 〈cosK(θ)〉 and 〈sinK(θ)〉. For N = 3 in fig.
9(b) and N = 4 in fig. 9(c) a decreased sensitivity
to alignment is observed. This is, presumably, due to
the most geometrically significant AK,Q(t) term (most
strongly coupled according to eqn. 25) coming close to
its magic angle, but may also be due to the distinct Θ-
dependence of different order terms leading to regions
where contrast is washed out. This is essentially the
same effect discussed above, and shown in figure 9(c)
for Θ = 0 and N = 3, in which the t-dependence, rather
than Θ-dependence, of different terms led to a decrease
in revival contrast.
To further visualize this behaviour, figure 11 shows
full surfaces of I(Θ, t) for N = 1 − 3 in polar form.
These plots show more clearly the narrowing of the ob-
served distributions at the poles as N increases. Com-
parison with fig. 3(b) shows that the narrowing of the
equator, as well as the increased spatial and temporal
complexity, of higher N cases approach the full P (θ, t)
surface - a direct result of higher AK,Q(t) terms becom-
ing coupled into the observable, hence an increase in
information content or fidelity with respect to the axis
distribution. In this context, the most direct and de-
tailed experimental measure for mapping an aligned dis-
tribution should be a multi-photon probe of high order,
with terms up to Kmax = 2N present in the observable
in a - relatively - transparent manner, provided that the
Θ-dependence of the probe process (i.e. the ionization
matrix elements) is well-defined as in this illustration.
2. PADs
As was the case for the N -photon ionization yields
discussed above, PADs can be considered as high-order
observables with many βL,M (t) contributing to the ob-
servable. Hence, as indicated in eqn. 13, many AK,Q(t)
may be mapped by the PAD. In terms of phenomeno-
logy, the extra sensitivity of the observed PAD to both
the amplitudes and phases of the ionization matrix ele-
ments makes it difficult to choose realistic representat-
ive values for use in limiting case calculations. In this
case we simply use the same limiting cases as above,
i.e. Ag + Bg continuum functions with amplitudes set
to unity and phases set to zero, and explore the observ-
ables as a function of r. Generally, one could hope to
obtain the matrix elements from experimental measure-
ments of PADs if the alignment is known [8, 30, 31];
conversely, one could also use experimentally-measured
PADs to map alignment in the case where the ionization
matrix elements are known [27, 67].
Figure 12 shows examples of βL,M (t; Θ = 0) calcu-
lated for these example cases, as a function of r as per
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Figure 10: β0,0(t; Θ) for N -order ionization processes.
(a)β0,0(t; Θ = 0) for N = 1− 8, (b) as (a) but
Θ = 0.45 rad, (c) as (a) but Θ = 0.95 rad. The surface
plots are re-normalised to the peak of the signal for
each N to emphasize the temporal behaviour.
the results discussed in section III B 1 and shown in fig.
8. Similarly to the I(Θ, t) for N -photon ionization dis-
cussed above, higher-order L terms couple to higher-
order K, resulting in more complex line-shapes which
map primarily different AK,Q(t) as a function of L. One
immediate result is that, with the exception of r = 0.5
and L = 6, there are no regions totally insensitive to
(a) 1-photon
(b) 2-photon
(c) 3-photon
t/psI(Θ,t)
I(
Θ
,t)
t/psI(Θ,t)
I(
Θ
,t)
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Figure 11: Polar plots of I(Θ, t) for N = 1− 3.
the axis alignment in this case, in contrast to the L = 0
results shown in figure 8(a). Additionally, the higher-
order terms are sensitive to the phases of the ionization
matrix elements, so will display a much enhanced sens-
itivity to molecular properties (e.g. vibronic dynamics)
as compared to the yields (L = 0) alone. Another in-
teresting observation in this particular case is that the
temporal peak in the β2,0(t) (at the half-revival) does
not move significantly with r, although it does narrow
and shift slightly. This is very different to the ionization
yield, where the observable essentially mapped A2,0(t)
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for r = 1 (parallel ionization) but was inverted for r = 0
(perpendicular ionization), hence the half-revival fea-
ture appeared out of phase for r = 0 as compared to
r = 1 (see fig. 8(a)). However, for the β4,0(t) very dif-
ferent behaviour is observed, and there is a significant
temporal shift in the main feature as a function of r,
although the switch is not abrupt and does not occur at
r = 0.5 as is the case for the yield (and as one might in-
tuitively expect). Naturally, the specific details of these
types of behaviour are highly dependent on the ioniz-
ation matrix elements, but in general it is clear that a
more complex temporal response is expected regardless
of the exact details of the ionization matrix elements.
To further emphasize the sensitivity of the PADs to
the ADMs, figures 13 and 14 show selected βL,M (L = 2
and L = 4) for ionization following 1-photon absorption,
for a parallel (i.e. axis distribution given by P ′‖(θ, t)) and
perpendicular (i.e. axis distribution given by P ′⊥(θ, t))
absorption; in the following discussion we denote the
βL,M (t) correlated to these cases as β
‖
L,M (t) and β
⊥
L,M (t)
respectively. As expected, all of the βL,M respond to the
change in the ADMs following absorption, and are much
more sensitive to the details of the axis distribution than
the yields alone (sect. III B 1). In particular:
• Higher-order terms become more strongly
coupled. This is apparent from, for instance, the
appearance of strong modulations in the β2,0(t)
around 40 - 45 ps, far from the main half-revival
feature, and the increase in contrast of such
features in the β4,0.
• The range & magnitudes of the βL,M change. In-
terestingly, for the set of matrix elements used
here, β‖2,0(t) has only negative values for all (t, r),
while the sign of β⊥2,0(t) changes at r ∼ 0.5 (ex-
cept at the half-revival feature). In both cases
the average value of β2,0(t) for a given r is sig-
nificantly different from ionization of the initial
distribution P (θ, t); the range of βL,M values is
similar for ionization of P (θ, t) and P ′‖(θ, t), al-
though offset, but much reduced for P ′⊥(θ, t) (this
is particularly evident for β⊥4,0(t)). Experiment-
ally this would mean less significant changes in
the time-resolved PADs would be observed in the
latter case.
• The position of the temporal maxima, as noted
above, move only slightly as a function of r for
β2,0(t), but do move significantly for β4,0(t). Ad-
ditionally, for β‖2,0(t), the width and magnitude of
the temporal maxima at the half-revival is almost
constant for all r; this is quite distinct from the
other cases.
• For β⊥4,0(t) the line-shapes over the half-revival are
more complex for all r, this is distinct from the be-
haviour observed for β‖4,0(t) and all L = 2 cases,
for which the half-revival features remain qualitat-
ively similar in temporal complexity to the unex-
cited case. This change therefore reflects both the
significant change in the ADMs for P ′⊥(θ, t) (see
fig. 7) and the enhanced coupling to higher-order
ADMs for L = 4 as compared to L = 2.
These specific features indicate how complex the re-
sponse of the βL,M (t) may be in any given case, with the
temporal response reflecting both the ionization matrix
elements and the ADMs. However, we again emphas-
ize that one can begin to build some intuition on how
these observables may respond phenomenologically to
the ADMs and the experimental configuration in gen-
eral terms, even if the precise details are molecule de-
pendent. In this regard it is clear that one might expect
a strong response to molecular alignment in all βL,M (t)
as compared to the ionization yield (even in cases where
the yield is insensitive to alignment), and that higher-
order terms will contain higher-frequency components
due to the coupling to higher-order ADMs.
This mapping has been discussed extensively by
Seideman and co-workers (e.g. refs. [30, 31]), including
the possibility of extracting ionization matrix elements
via fitting experimental data in this case. From an
experimental perspective, measuring PADs may there-
fore be useful for characterizing alignment and ioniza-
tion dynamics, but requires a rather involved analysis
due to the high information content and complexity of
the coupling [8]. However, the benefit of such measure-
ments is precisely this high information content, so in
some cases this effort is worthwhile. Similarly, in ex-
periments where PADs are used as probes for other mo-
lecular properties (for a recent review of applications,
see ref. [68]), it is clear that the effect of rotational
dynamics must be carefully considered precisely due to
this complexity.
IV. DISCUSSION & CONCLUSIONS
In general, from an experimental perspective, one can
draw several qualitative conclusions from the results
presented here, some obvious and some not so. Firstly,
regardless of the degree of alignment achieved in a spe-
cific case, there is always the possibility that a given
observable is insensitive to the alignment. In such cases
one would often conclude that the experimental set-up
is flawed in some way; however, as demonstrated in fig-
ure 8, at least in the 1-photon case, there is a reas-
onable chance that the sensitivity of the photoelectron
yield to alignment is small, or non-existent; for higher-
order observables this is less probable, but contrast over
the features of a revival may still be poor. Secondly,
an observable sensitive to high-order terms may appear
highly temporally structured, which could be inexplic-
able or even be attributed to experimental noise when
considered in terms of expectations based on typical
〈cos2(θ, t)〉 line-shapes but, if reproducible, is likely a
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Figure 12: βL,M (t; Θ = 0) for 1-photon ionization,
with (a) L = 2, (b) L = 4 and (c) L = 6; M = 0 in all
cases. Ionization matrix elements are set such that
r=0 corresponds to a purely perpendicular ionization
event, and r=1 a purely parallel ionization, as per
results already presented for L = 0 (ionization yield) in
figure 8.
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Figure 13: β‖L,M (t; Θ = 0) for 1-photon ionization,
following parallel excitation, with (a) L = 2, (b) L = 4;
M = 0 in all cases. Ionization matrix elements are set
such that r=0 corresponds to a purely perpendicular
ionization event, and r=1 a purely parallel ionization,
as per results already presented in figures 8 and 12.
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Figure 14: β⊥L,M (t; Θ = 0) for 1-photon ionization,
following perpendicular excitation, with (a) L = 2, (b)
L = 4; M = 0 in all cases. Ionization matrix elements
are set such that r=0 corresponds to a purely
perpendicular ionization event, and r=1 a purely
parallel ionization, as per results already presented in
figures 8, 12 and 13.
valid result due to coupling of higher-order ADMs as
illustrated in figure 5. Thirdly, high-order observables
are required in order to map aligned distributions in de-
tail, and multi-photon ionization is probably the clean-
est probe to use to achieve the goal of mapping such
distributions via ionization measurements.
Finally, following directly from these points, it is
worth highlighting again that the low-order metrics in
wide-spread use to describe aligned distributions (i.e.
〈cos2(θ, t)〉) are of limited utility for a detailed descrip-
tion of the aligned distribution - and, consequently, the
observable - in any case where higher-order terms are
coupled to the observable under study. Experimentally,
although one may not be interested in the details of the
rotational wavepacket per-say, optimisation of molecu-
lar axis alignment and appreciation of the effects it may
have on an observable are certainly prerequisites to an
optimal measurement, and for obtaining results which
can be qualitatively, or even quantitatively, interpreted
in terms of the molecular behaviour under study; clearly,
even broad expectations about how a given signal may
look are useful in this regard. These conclusions are also
especially relevant to experiments aimed at measuring
properties approaching the molecular frame, since the
coupling of the alignment moments of the distribution
may be different from the true molecular frame result
even in the case of a high degree of alignment, and for
time-resolved experiments where the time-scale of the
evolution of the rotational distribution relevant to the
experiment will depend on which alignment moments
couple to the observable.
As a concrete example of this latter point, consider
PADs obtained via a time-resolved pump-probe meth-
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odology, measured with the aim of studying the excited
state molecular dynamics from a “fixed-in-space” mo-
lecule [10, 69, 70]. In this case one must be careful
to make pump-probe measurements on time-scales over
which the alignment can be considered static, hence the
temporal evolution of the rotational wavepacket will not
play a role in the observable. However, what this time-
scale is will depend on both the observable (i.e. whether
higher-order terms play a role, see fig. 5) and the details
of the rotational wavepacket prepared, since a narrower
rotational wavepacket will have broader temporal fea-
tures (combined with a lower degree of alignment). This
time-scale, in some cases, may be  1 ps, which is typ-
ical of the time-scales of (vibronic) molecular dynamics
investigated in such pump-probe measurements, but is
usually assumed to be “safe” with respect to the time-
scale of rotational wavepacket evolution. Without such
considerations misleading conclusions are likely with, for
example, alignment-mediated signal decays interpreted
as state lifetimes, or changes in angle-resolved observ-
ables interpreted purely in terms of vibrational or elec-
tronic wavepacket evolution. Unfortunately such con-
siderations do nothing to make alignment experiments
easier, but do promise that more detailed and precise
measurements can be made.
For completeness we reiterate that the treatment
presented herein assumes a perturbative ionization re-
gime (laser intensity . 1011 Wcm−2), which in practice
may be broken by the laser fields required to drive the
high-order multi-photon processes of the kind suggested
above for mapping aligned distributions. In such cases
there may be modification of the rotational wavepacket
during the ionization process, as well as the possibility
of other strong-field effects; such considerations will nat-
urally be very much molecule and laser wavelength de-
pendent [71]. In general it should however be possible to
drive few-photon processes, particularly in the UV, with
perturbative fields, and some recent examples illustrat-
ing typical experimental conditions which drove various
multi-photon processes in this regime can be found in
refs. [72–74]. Other recent work, ref. [75], has demon-
strated the possibility of combining perturbative and
non-perturbative treatments at different photon-orders
as one method of efficiently incorporating intra-pulse
dynamics driven by an IR field in the moderate intensity
regime (1012−1013 Wcm−2) into photoionization calcu-
lations, hence presents a possible means to extend a geo-
metric multi-photon treatment to the non-perturbative
regime.
In this work various observables pertaining to single
or few-photon ionization have been considered but,
more generally, the same conclusions apply to other
types of measurement, such as Coulomb explosion, high-
harmonic generation [27] and X-ray diffraction [76], as
well as more traditional measurements such as fluores-
cence. Of particular relevance in this regard is the re-
cent article from Ramakrishna & Seideman [27], which
explicitly considers rotational wavepacket imaging via
different observables (Raman-induced polarization spec-
troscopy, 1-photon ionization and high-harmonic gen-
eration) as a function of pump-probe geometry, so is
highly complementary to the observables considered in
this work. Simply put, without a detailed understand-
ing of the couplings involved in a measurement one can-
not hope to understand the details of either the prepared
rotational wavepacket or the relation of the observable
to the aligned distribution. This is an obvious conclu-
sion, but is often ignored in experimental analysis - even
at the phenomenological level - for reasons of simplicity.
A recent illustration of the utility of a more complete
experimental analysis is given in ref. [15], where the ob-
servation of high-order rotational revivals in the high-
harmonic signal from an aligned ensemble provided a
way to determine the maximum continuum electron an-
gular momentum, and further analysis also allowed the
determination of the relevant matrix elements.
To summarize, in this work we have considered the
coupling of highly-structured molecular axis distribu-
tions, typical of contemporary experiments utilizing
strong IR pulses to prepare broad rotational wavepack-
ets, into various types of photoionization measurement.
The treatment highlighted the geometric complexity of
the axis distributions created, and the role of the probe
interaction in terms of the geometric coupling of the
observable to the axis distribution moments. Insight
into the response of the observables was discussed in
general terms, providing a phenomenology for a range
of photoionization-based measurement schemes. Most
generally, at a phenomenological level, this treatment
indicates the types of complex behaviours which might
be expected from any measurement technique which
couples to high-order axis distribution moments of an
aligned molecular ensemble.
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Appendix A: Numerics
In the results detailed above, calculation of the axis
alignment was made using code developed by C.Z. Bis-
gaard [46], as part of the work of H. Staplefeldt’s
group. In these calculations the light-matter interaction
is treated via a time-dependent Schrödinger equation
(TDSE) formalism, in which the set of coupled differen-
tial equations are solved numerically by an adaptive-
step Crank-Nicholson algorithm. This treatment re-
quires knowledge of the (static) polarizabilities and
the rotational constants of the molecule of interest,
and the rotational temperature to determine the initial
Boltzmann population of |JKM〉 states.
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The Hamiltonian for the interaction with the laser
pulse is given by [46]:
Hˆ(t) = Hˆrot+Vˆ (t) = BJˆ
2+(A−B)Jˆ2z−
E(t)2
4
(∆α cos2 θ+α⊥)
(A1)
where A and B are rotational constants, E(t) is the
(time-dependent) electric field, ∆α is the difference
between the parallel (α‖) and perpendicular (α⊥) po-
larizabilities, and Jˆ and Jˆz are the usual rotational op-
erators for total rotational angular momentum and its
projection onto the z-axis respectively.
After the laser pulse the cJ coefficients, that is the
populations of the rotational states comprising the full
rotational wavepacket, are fixed and field-free evolution
of the wavepacket is determined analytically by eqn. 8.
The axis distribution at time t is then calculated as per
eqn. 6 which, making use of eqn. 7, can be written as
[46]:
P (Θ, t) =
∑
J
|cJ(t)|2(J+ 1
2
)(dJ−M,−K(Θ))
2 +
∑
J<J ′
2Re(cJ(t)c
∗
J′(t))(J+
1
2
)
1
2 (J ′+
1
2
)
1
2 dJ−M,−K(Θ)d
J′
−M,−K(Θ) (A2)
where dJ
′
−M,−K(Θ) are the (reduced) Wigner rotation
matrix elements.
In the calculations the upper limit for J was set by the
approximate scaling law determined empirically [46]:
Jmax = −0.35I2 + 9.2I + 30 (A3)
where I is the pulse (peak) intensity (in units of
TWcm−2).
Numerical results from a simplified version of this
code, calculating only 〈cos2(θ, t)〉 have previously been
tested for a variety of cases [25, 46]. In this work the
numerics of the calculation of the full P (θ, t) calculation
were tested against the existing code by comparison of
the 〈cos2(θ, t)〉 parameters, i.e. by making use of equa-
tions 9 for “direct” and 10 for “indirect” or geometric
calculations. This procedure was also tested for direct
vs. indirect calculation of 〈cos4(θ, t)〉, providing con-
fidence in the reliability of all other higher-order terms
which were only extracted geometrically.
As noted above, in this work we considered butadiene
as our exemplar system. The relevant molecular prop-
erties are given in table I, which provides the literature
values and the symmetrized values used in our calcu-
lations, which treat the molecule as a symmetric top.
In this case, with the B and C rotational constants
within 10, this should be a reasonable approximation
but, naturally, the numerical results illustrated here will
not show any effects associated with asymmetric top
rotational wavepacket dynamics [77]. Typical experi-
mental conditions were used in our calculations, with I
= 5 TWcm−2, τ = 400 fs, Tr = 2 K (rotational temper-
ature). These conditions were chosen to correspond to
recent experimental work on butadiene (which will be
discussed in a later publication [45]). Extensive studies
of rotational temperature effects and intensity averaging
were not carried out in this case but, in general, it is ex-
pected that both effects will lead to a reduction in the
maximum alignment, and a smoothing out of the tem-
poral profile.
Property Literature Calculation (symmetrized)
A 1.3903772(6) cm−1 1.3903772 cm−1
41.6831 GHz 41.6831 GHz
B 0.1478868(2) cm−1 0.1408 cm−1
4.4335 GHz 4.2211 GHz
C 0.1336949(3) cm−1 -
4.0081 GHz -
αzz 12.82 12.82
αxx 6.34 5.73
αyy 5.12 -
Table I: Molecular parameters for butadiene.
Literature values are taken from Craig et. al. [78]
(experimental rotational constants) and Smith et. al.
[79] (calculated static polarizabilities). Calc. column
lists symmetrized values used in the rotational
wavepacket calculations.
Appendix B: Symmetry
Symmetry plays a role in determining the allowed
transition matrix elements and continuum wavefunc-
tions. Here we treat the case of butadiene in its equi-
librium planar geometry (C2h), relevant to recent time-
resolved experiments studying ultra-fast excited state
dynamics from aligned butadiene, which utilised an IR
alignment pulse followed by a 1+1’ pump-probe meas-
urement around the peak of the half-revival, to popu-
late the S2 state and probe the vibronic dynamics [45].
These symmetries were used in the limiting case calcu-
lations presented in the main body of this manuscript.
Table II lists symmetries for (a) states of interest,
(b) multipoles and (c) dipole transitions. The dipole-
allowed S0 → S2 transition accessed experimentally is
(x, y) polarised, i.e. perpendicular to the molecular axis,
so corresponds to a sin2 θ excitation as detailed in sect.
IID 3. The excited state axis distribution P ′⊥(θ, t) is,
therefore, distinctly different to the originally prepared
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P (θ, t). For 1-photon ionization all dipole polarizations
are symmetry allowed, but correspond to different con-
tinuum symmetries, hence different partial waves.
Ultra-fast population transfer from S2 → S1 occurs
in butadiene, and of particular note here is the switch
from g → u continua for S2 → D0 versus S1 → D0,
corresponding to a switch from even to odd l. In this
case one would expect the PADs for these cases to be
distinctly different.
As shown in table II, the allowed continua correlate
with different (l,m) even/odd combinations. To reduce
the number of matrix elements, linear combinations of
±m can be used. In this case the bΓµhlλ symmetrization
coefficients in eqn. 13 take values of 1 for m = 0, or
1/
√
2 for m 6= 0. The indices are then reduced to the
set Γ = {Ag, Bg}, µ = 1 (no degenerate symmetries
present), h = |m| and λ = |m|.
Appendix C: Comparison with axis convolution
methodology
Recent work has also considered a similar problem,
where alignment was probed with a strong IR field [20,
25, 80] or via high-harmonic generation [17]. In these
cases the ionization was treated purely geometrically as
a (continuous) convolution of the form:
I(Θ, t) =
¨
P (θ, t)S(Θ) sin(θ)dθdφ (C1)
where S(Θ) described the angular response of the sig-
nal to the angle between the aligning and probing laser
fields, e.g. the angle-resolved ionization yield, and is
given by an expansion in Legendre polynomials in the
usual way:
S(Θ) =
∑
L
GLPL(Θ) (C2)
Conceptually this treatment is very similar to that
given here, c.f. eqns. 20 and 24, but treats the con-
volution numerically, and incoherently w.r.t. couplings
between P (θ, t) and S(Θ), which are both here real val-
ued functions by definition. For a cylindrically symmet-
ric distribution, in which all terms in eqn. 24 are real,
this simplification is valid. More generally (c.f. eqn.
18) this formalism will not correspond to the underly-
ing (molecular frame) properties of the signal, although
it may be possible to find an angular response function
S(Θ) which still models the observed signal I(Θ, t), as
this has the form of a generic angular function. There-
fore, an empirical convolution of this form, while math-
ematically valid in terms of the symmetry of the prob-
lem, should be treated with care if one is interested in
determining physically meaningful properties.
State Symmetry
S0
1Ag
S1
1Ag
S2
1Bu
D0
2Bg
D1
2Au
D2
2Ag
(a) State
symmetries.
Character Dipole (Y1m) Multipole (Ylm)
Ag e, e
Bg e, o
Au z o, e
Bu (x, y) o, o
(b) Multipole symmetries in C2h.
S0 D0
S0 - Bu(z)
- Au(x, y)
S1 - Bu(z)
- Au(x, y)
S2 - Ag(z)
(x, y) Bg(x, y)
(c) Dipole
transitions.
Table II: Butadiene symmetries & transitions. (a)
State symmetries for the first three neutral states Sn,
and first three ionic states Dn. (b) Multipole
symmetries in C2h. Characters correlate with different
combinations of to (l, m), denoted by even (e) or odd
(o). Dipole transition symmetries (l = 1) are also
explicitly given in Cartesian form. (c) Allowed dipole
transitions (1 photon) & polarisation, for bound-bound
transitions S0 → S2, and bound-free transitions to D0
(ionic ground state). Bound-free transitions are
labelled according to the continuum symmetry
accessed for different dipole transition symmetries. As
shown in (b), these symmetries correspond to different
sets of partial waves.
Appendix D: Comparison with CS2 formalism
In previous work on modelling the ionization of CS2,
specific equations were derived using a similar geometric
treatment of the ionization yields arising from a 1+1’
REMPI process, for both parallel and perpendicular
excitation-probe geometries. The results were [10]:
I‖(θ, φ) = I0[(r − 1) cos4(θ) + cos2(θ)] (D1)
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I⊥(θ, φ) = I0[cos2(θ) + (r − 1) cos2(θ) cos2(φ)− (r − 1) cos4(θ) cos2(φ)] (D2)
where I‖(θ, φ) and I⊥(θ, φ) are the angle-resolved
ionization yields for a parallel and a perpendicular
excitation-probe polarization geometry respectively, the
angles (θ, φ) refer to the axis alignment relative to the
ionization frame, I0 is the total yield and r is the ratio
of the parallel and perpendicular ionization dipole mo-
ments (similar to the definition used in section III B 1):
r =
(
µ‖
µ⊥
)2
(D3)
These equations show explicitly that cos4(θ) terms
contribute in this case. They also indicate the pos-
sibility of obtaining r if the alignment distribution is
known, or the alignment distribution if r is known; or,
possibly, fitting both in a self-consistent manner, as was
demonstrated in that case based on the measured ratio
of 〈I‖(θ, φ)〉 to 〈I⊥(θ, φ)〉 for an unaligned distribution,
and the measured time-dependent yield for ionization
from an aligned distribution using a parallel polariza-
tion geometry, β‖0,0(t) in our notation (eqn. 34). From
the measurement the details of the prepared distribu-
tion were determined by the fitting procedure, where
the free parameters were the peak intensity of the align-
ment pulse and the rotational temperature used in the
rotational wavepacket calculations - hence the terms
〈cos2(θ, t)〉 and 〈cos4(θ, t)〉 were found by this fit. The
full axis distribution P (θ, t) based on the best fit result
was later used in modelling of the PADs [69]. Although
we have not derived equivalent equations, we note that
the angular terms are of the same order as those appear-
ing in eqns. 34 and 35 when expressed in trigonometric
form, so the formalisms may be assumed to be function-
ally identical.
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